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Abstract

A criterion is formulated for existence and another for the non-existence
of complex eigenvalues for a class of non-self-adjoint operators in Hilbert
space invariant under a particular discrete symmetry. Applications to the
P T-symmetric Schrodinger operators are discussed.

PACS number: 11.30.—j

1. Introduction and statement of the results

The Schrodinger operators invariant under the combined application of a reflection symmetry
operator P and of the (antilinear) complex conjugation operation 7 are called P T-symmetric.
A standard class of such operators has the form H = Hy +1iW where

1. Hy is a self-adjoint realization of —A + V on some Hilbert space L*(Q):;QCcR,n>1;
V and W are real multiplication operators.
2. Vis P-even, PV = V,and W is P-odd: PW = —W. P is the parity operation

(PY)(x) = ¥ (=)' xp, ...y (= 1)y, Y elL?
where j; =0, 1; j; = 1 for atleastone 1 <i < n.

If T is the involution defined by complex conjugation: (T)(x) = ¥ (x), one immediately
checks that (PT)H = H(PT).

PT-symmetric quantum mechanics (see, e.g., [1-8]) requires the reality of the spectrum
of PT-symmetric operators, recently proved, for instance, for the one-dimensional odd
anharmonic oscillators [12, 13]. Imposing boundary conditions along complex directions,
however, examples of PT-symmetric operators with complex eigenvalues have been
constructed [14]. It is therefore an important issue in this context to determine whether
or not the spectrum of PT-symmetric Schrodinger operators with standard L? boundary
conditions at infinity is real. We deal with this problem only in perturbation theory, but we
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will obtain criteria both for existence of complex eigenvalues (theorem 1.1) and for the reality
of the spectrum (theorem 1.2), in even greater generality than the PT symmetry.

Let H be a Hilbert space with scalar product denoted as (x|y), linear in the first factor and
antilinear in the second one, and Hy : H — H be a closed operator with domain D C H. Let
H, be an operator in H with D(H;) D D. This entails that H; is bounded relative to Hy, i.e.,
there exist b > 0,a > 0 such that | Hjy|| < b||Ho¥ || + ally]l, V¥ € D. We can therefore
define on D the operator family H, := Hy + € H, Ve € C.

We assume the following symmetry properties: there exists a unitary involution
J : ' H — 'H mapping D to D, such that

JHy = Hj J, JH, =HJ. (1.1)

In other words, J intertwines Hy and H; with the corresponding adjoint operators. Note that

1. the properties J 2 = 1 (involution) and J* = J! (unitarity) entail J* = J, i.e., self-
adjointness of J;

2. the properties (1.1) entail, if e € R, J H. = H}J; therefore the spectrum o (H,) of H is

symmetric with respect to the real axis if € € R;
3. an example of J is the parity operator P.

Let Hy admit a real isolated eigenvalue Xy of multiplicity 2 (both algebraic and geometric,
i.e., we assume the absence of Jordan blocks). Let e;, e, be linearly independent eigenvectors,
and E,, the eigenspace spanned by ey, ;. Clearly JE;, := E7 is the eigenspace of Hj
corresponding to the eigenvalue A, and hence the sesquilinear form (u*|v), u* € E 1o V€ Ex
is non-degenerate. Therefore, we can choose e, e; in E;, in such a way that, writing
u = uye; + usey, the quadratic form Q(u, u) = (Julu) on E, assumes the canonical form

O(u, u) = tyu? + tu3, 7 ==+1, ==l (1.2)
Under these circumstances we want to prove the following:
Theorem 1.1. With the above assumptions and notation, consider the operator family H, for
€ € R. Denote:

Hyy = (e1|Hyey), Hy = (e2|Hiea), Hyp = (e1|Hyea). (1.3)
Then (e1|Hye1) € R, (e2]Hiez) € R and there exists €* > 0 such that, for 0 < |e| < €*:
(i) Ifty- 1o = —1,and

Hy, #0, 4Hpl? > (Hy — Hyp)? (1.4)
then H, has a pair of non-real, complex conjugate eigenvalues near \.

(ii) If T - o = 1 then H, has a pair of real eigenvalues near .
Remarks

1. The above theorem applies to the P 7 -symmetric operator family H, = Hy +ie W, where
Hy and iW = H, are as above. Here J = P, and hence PHy = HyP, P(ieW) =
—(ieW)P = (ieW)*P so that J H. = H}J. In that case, moreover, the second condition
of (1.4) is satisfied as soon as Hjp # 0 because the P-symmetry of Hy and the P-
antisymmetry of W entail H;; = Hy, = 0.

2. The physical relevance of theorem 1.1 is best illustrated by an elementary example. Let
H = L>(R?) and Hy : H — "H be the (self-adjoint) two-dimensional harmonic oscillator
with frequencies w;, w,:

_ 1 1(, 2.2, 22
Hou = —5Au+ E(a)lx1 +a)2x2)u.
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We have o (Hy) = {Ekl,kz} = {km)l +hkwy + 5 + %},ki =0,1,2...,i =1,2. Let
again H. = Hy +1ieW, € € R, with

2
W) = —12
1+ xl2 + x%
Then W is bounded relative to Hy, and PW = —W if Pu(xy,x;) = u(x;, —x») or
Pu(xy, x3) = u(—xy, —x3). Setw; = 1, w, = 2, k; = 2, k, = 0; i.e., we consider the
eigenvalue E; . Then for |¢] > 0 small enough H, has a pair of complex conjugate
eigenvalues near E; .

To see this, remark that Erg = Ex(w;) + Eo(w2) = Ep(w;) + Ei(wy), where
E;(w;) = (k+ 1/2)w; are the eigenvalues of the one-dimensional harmonic oscillators
with frequencies w;,i = 1,2. E>( has multiplicity 2. A basis of eigenfunctions is
given by

Vi (x1, X2) = ea(x1) fo(x2); Y1 (x1, x2) = eo(x1) f1(x2).
Here ¢y, e, are the eigenfunctions corresponding to E((1) and E, (1), respectively; fo, fi
are the eigenfunctions corresponding to E((2) and E;(2), respectively; note that e, e;
and fj are even while f] is odd. To first-order perturbation theory, the two eigenvalues
Aj(e), j =1,2,0of He near E; q are given by

Aj(é) = EZ,O + if)»j
where A, j = 1, 2, are the eigenvalues of the 2 x 2 matrix

(Wie) = <(W1|Wlﬁ1) (W1|W1ﬁz)>.
’ W2 lWir) (Y2l Wip2)

Now 1y is even, v is odd. Therefore, 7; - 7, = —1. Moreover, since W is odd:
WnIWyn) = W2lWi2) =0, Wl W) = (Y1, Wibp) := w > 0. Therefore A; = tw
and Aj(e) = E» £ iew. Hence, the conditions of theorem 1.1(i) are satisfied and for €
small enough H, has a pair complex conjugate eigenvalues near E g.

3. The result of theorem 1.1 remains true under the following more general conditions: under
the above assumptions on Hy and H, let Hy admit two real, simple eigenvalues E|, E».
Letd := E, — E; be their relative distance; D := dist[(o (Hy) \ {E2, E1}), {E», E1}] their
distance from the rest of the spectrum; ¥, ¥, the corresponding eigenvectors, all other
notation being the same. Then if d/ D is small enough the same conclusion of theorem 1.1
holds provided |e H»| > %. We will sketch the proof of this statement after the proof of

theorem 1.1.
4. Example. Odd perturbations of quantum mechanical double wells: existence of complex
eigenvalues.
Let H = L*(R), Hy(h) = —h2% +x%(1+x)%, D(Hy) = H*R) N LI(R), W(x) €
LE(R), [Wx)| < Ax* |x| — oo, W(—x) = —W(x). Here, LiR) = {u €

L?>(R)|x*u € L*(R)}. In this case, it is known that W is bounded relative to Hy; moreover
d= 0@ V", D=0m),w=0()if E|, E, are the two lowest eigenvalues. Hence,
the conditions of theorem 1 are fulfilled in the semiclassical regime provided (e;|We;) # 0
and thus there exist A > 0, B > 0, C > 0 such that H, (i) := Hy+ie W will have at least
a pair of complex conjugate eigenvalues for A e™2/" < ew « Ch. Equivalently, we may
consider the double well family Hy(g) = — d‘i—zz +x2(1+ gx)? defined on the same domain.
Here d = O(e’l/gz), D = O(1), w = O(1). The same argument holds for the general
case Hy = —h>A + V(x), where V : R" — R is smooth, has two equal quadratic minima
and diverges positively as [x| — oo; W(x) € L, (R"), [W(x)| < AV (x) as |x| — oo
because the estimate for d is the same as above [15].
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The second result concerns the opposite situation, a criterion ensuring the reality of the
spectrum. In this case the natural assumption is the simplicity of the spectrum of H in
addition to its reality. Therefore, for the sake of simplicity we assume Hj self-adjoint.

Theorem 1.2. Let the self-adjoint operator Hy be bounded below (without loss of generality,
positive), and let Hy be continuous. Let Hy have discrete spectrum, o (Hy) = {0 < Ao < A1 <
<o < A < - - -}, with the property

8 :=inf[A; 1 —A;]/2 > 0. (1.5)

=0

Theno(H(e)) e Rife e R, |e| < ”;j—l”
Example. Here, again H = L?>(R); Hy = —di—zz + V), D(Hy) = H*(R) N D(V).
V(x) = kx™,k > 0,m > 1; W(x) € L¥*[R), W(—x) = —W(x). We have: o(Hp) =
{)\'n}9n = 07 15 .. ';

1 2
)L,,Nkﬂnﬁ, n— oo

Each eigenvalue A, is simple. Clearly 6 > 1. Denote now H, := Hy + i€ W the operator
family in L*(R) defined by H. = Hy+€H,, H = iW, D(H.) = D(H)). Then H, has real
discrete spectrum for |€]| < || W||co.

2. Proof of the results

Proof of theorem 1.1. The proof consists in two steps. In the first one we show that the
2 x 2 matrix generated by restricting the perturbation H'! to Ej, is anti-Hermitian in case (i)
of theorem 1.1 or Hermitian in case (ii). In the second step we show by the method of the
Grushin reduction (see, e.g., [15]) that for € suitably small the control of the above 2 x 2
matrix is enough to establish the result. A shorter proof of assertion (i) could be obtained
by standard first-order degenerate perturbation theory; however, unlike perturbation theory,
the Grushin reduction simultaneously yields assertion (ii), so that we limit ourselves to apply
perturbation theory to sketch a proof of remark 3 after theorem 1.1.

Let {e;, e;} be once more a basis in E;, such that (1.2) holds, and denote by ej, €5 the
dual basis in the dual subspace E; = JE,,. Clearly Je; = 1;¢}, 7; = £1. We denote Iy
the spectral projection from H to E;,. Explicitly,

Mou = (ule})er + (ule3)ex. 2.1

Consider now the rank 2 operator family 1o H.I1y acting on E;,. The representing 2 x 2
matrix is

H(€)jx = ol +€H},, Hj, = (Hele}), Jok=1,2. (2.2)
Now JHy = HjJ, JTly = T1§;J. We also have J H; = H J. Therefore,
(JHyexle;) = (H{ Jex|Jej) = (Jex|Hie;) = tj(Hierle)) = tj(exle]) = TjHjl,k
and in the same way
(JHelej) = (Hfexley) = (Jer|Hie)) = n(ef|H}) = w(Hie)le) = wH ;.
Summing up,
T H} =t H. .

Therefore, if 7;7, = 1 the matrix H (¢);x is Hermitian for € € R and its eigenvalues are real;
if instead ;7o = —1 the matrix H (¢);; has real diagonal elements and is anti-Hermitian off
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diagonal for € € R; hence its eigenvalues are complex conjugate under condition (1.4). This
completes the first step.

We want now to construct an approximate inverse of H, — z near Ao by solving a Grushin
problem. In this context it is equivalent to the Feshbach reduction, and provides a convenient
formalism for it. To this end, define the operators R,, R_, Py(z) in the following way:

Ry :H — C?, Riu(j) = (uley), j=0,1; (2.3)
2
R_:C?> > H, Rou_ =Y u_(je; (2.4)
j=1
Hy — R_
Po(z)=< 0s >:Dx<c2—>Hx<c2. 2.5)
R, 0
Note that we have identified E,, with its representative C?, and that R,R_ = I;. The

associated Grushin system is

(Hh—2u+R_u_=f
Riu = f,

where u € D, f € H,u_, f, € C%. z € C belongs to a neighbourhood of i at a positive
distance from o (Hp)\{1o}. After determining u_ in such away that f — R_u_ € (1 —I1p)H
the first equation can be solved for u(z) € (1 — I1p)H and hence the problem is reduced to
the rank 2 equation R,u(z) = f:. To solve explicitly, remark that, for every z in the complex
complement of o (Hy)\{ o}, Po(z) has the bounded inverse,

(2.6)

E() . E()
80 = () .): @
with
E°(z) = (Hy—2)~'(1 — o), E)(z)=R_,
E-(Z) - R+7 E_+(Z) - _ZI + <0 )\'0> )

where [ is the 2 x 2 identity matrix. The spectral problem within E,, is thus reduced to the
inversion of EY, (z), and obviously its solution is represented by Ao, e}, €;.
Now restrict the attention to the set of complex z with dist(z, {Ao}) < 1/(2R), where

R := | E°Go)ll = [|(1 = To) (Ho — 40) ™| 2.9
so that by the geometrical series expansion
o) [ p— — 2.10)
1 —|z—olR
Consider the operator from D x C? to H x C? defined as
Pe(2) = (HGR:Z I;), @.11)

associated with the Grushin system

(He —2u1 + R_uy = fi
{le B . 2.12)
Then
0 0
P.D)ED) = 1 + (EH"E @ 6H‘§+(Z)) 4K (2.13)
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It is routine to check that P, (z) has the inverse

C(EQ) EQ
&(Z)_<Ei(z) Ei+(z)>, (2.14)

with

E(z) = i(—e)"E‘)(Hl E%", (2.15)
n=0

E{(z) = i(—o"(EOHl)”ES, (2.16)
n=0

ES(z) = i(—e)“EE(HlE%", 2.17)
n=0

E€,(2)=E% + i(—e)"E(_’(H1 E%"'H,E), (2.18)

n=1

where all the series will be proved to have a positive convergence radius (convergence means
here uniform, or, equivalently, in the norm operator sense).
We next derive the appropriate symmetries for the inverse operators. We have

2 2
0
JRu— =Y u_(j)le; =) (tu)(j)e}, = (8 Tz)
j=1 j=1

2
Riu_ = Z u_(j)e;
j=1
where the second equation follows from

2 2
@lRu-) =) u-(Dle)).  (Roulus) = u_(j)ule)).

j=1 j=1
We thus conclude

JR_u_ = Ritu_, R*J =1R,.
Therefore, from JH, = H*J we get

J O\(Ho—z R\ _(J(H.—2) JR

0 R, 0 /) R, 0
C((Hf=2J Rt _ ((H =2 R\ [(J 0
- R*J 0 o R* 0 0 7

J 0 (] 0
(0 T)’Pe(z)zpé(z) (o T). (2.19)

Since £(z) = P(z)~!, taking right and left inverses we get

(] 0\ _(J 0
@y 1)=(0 7)o

E@* E_@*\(J 0\ _(J 0\[ER E.z)
(m)* E-+<2>*> (0 r)‘(o ) (E_<z> E—+(z)>' (220)

whence

that is
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In particular,
E_ (T =1E_,(2).

We can thus conclude that, for z € R, if 7; - 7o = 1 the 2 x 2 matrix E_,(z) is Hermitian and
anti-Hermitian off diagonal with real diagonal elements if t; - 7, = —1.
It remains to prove the norm convergence of the expansions (2.15), (2.17), (2.18). We
have, by the relative boundedness condition || H || < b||Hor || + bl || and (2.10),
IH'E®| = |H' (Hy — 2)~" (1 = Ty)||
< bllHo(Ho — 2)~' (1 = M) || +all (Ho — 2)~" (1 — M) ||
< bll(Ho — 2)(Ho — 2)~' (1 — M) |
+blz|[[(Hy — )~ (1 = Tp) || +all(Hy — 2)~" (1 — M) |

1 —|z—AolR
for some K (z) > 0 because |z — Xo| < 1/(2R). Therefore,
|E°(H'E)"|| < CK™!, ICE HY ED|l < CK™,
||E9(H1EO)II|| < CK”+1, ||E9(H1E0)n_lH1E2” < CK”+1.

Hence, the expansions (2.15), (2.17), (2.18) are norm convergent.

To conclude the proof we have to verify that the first-order truncation of the expansion for
E (z) yields non-real eigenvalues, and that the higher order terms can be neglected. To this
end, first remark that without loss of generality we may assume Ay = 0. Then the expansion
(2.18) yields (we drop the upper index in H jlk to simplify the notation)

EH11 —Z EH12 2
E€ = — +0
2@ ( Hy  eHy— Z) (€9)

uniformly with respect to z, |z| < 1/2R. Therefore,
det £, (z) = 2> — (Hy + Hp)ez + (|Hipl* + Hyy Hp)e® + O(e + €2)z))
= [z — e(Hy1 + H») /21> + [|Hpp|* — (Hy — Hp)?*/41+ O + €7[z)).

Now det E€ , (z), which is real for z € R, clearly has no zeros for z € C, € < |z| < 1. On the
other hand, for z = O(e),1.e.,z = ew, w = O(1),

det E€,(z) = €*{[w — (Hy1 + H2) /21 + |Hpa|* — (Hyy — Hx)?/4} + O(€2 (1 + O(1)).

Therefore, if 4|H»|> > (H;, — Ha)? there cannot be real zeros for e suitably small. We can
thus conclude that det E€  (2) is zero for z = A+ (),

€ .
As(€) = S[Hir + Ha £iv4 [ Hi? — (Hiy — H)? ]+ 0(€?)
and this concludes the proof of the theorem. ]

Sketch of the proof of remark 3. Here, E;, is replaced by the two-dimensional subspace
& spanned by the eigenvectors /1, {,. Then the first step of the argument can be taken over
directly, up to the obvious notational changes, namely, standard first-order perturbation theory
entails that up to order € the eigenvalues of H, around the eigenvalues E;, E, of Hj are given
by the eigenvalues of the 2 x 2 matrix

E eH
Hy=(_ 2, Hy = (1| HiYn),  Hy = (Yol Hyyry)
el E>
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where without loss we have assumed (Y| H Y1) = (Y2| Hi2) = 0. Therefore, H,l’k will have
non-real eigenvalues if |e H|,| > |E, — E||/2 = d /2. This entails that the two eigenvalues of
H, near E;, E, will be likewise non-real as long as the second-order remainder of perturbation
theory can be made sufficiently small for € fixed. By standard arguments (see, e.g., [16],
chapters 1.5 and VIL.2) it is enough to control ||e H; Ry(z)|| uniformly in z € I, where I is
any circumference encircling £, E;. Choosing as usual I' := {z € C : [z — E|| = D/2}
where we have assumed without loss E; closest to the complement of o (Hp) with respect to
{E|, E,}, the following estimate clearly holds:

lellHill  lelllHill
dist(z, 0 (Hy) D/2—d’
Since |e Hj2| < |€|||Hi]l, and the remainder is uniformly small for ||e H; Ry(z)|| < 1, we see
that the following conditions must hold:

lle Hi Ry(2)]l <

d D
5 < lelllHill < - —d.
2 2

Given ||H, ||, if d/D is small enough there exists €* > 0 such that this condition holds for all
€ €[—€* €"].

Proof of theorem 1.2. Let us first recall that under the present assumptions H, is a type-A
holomorphic family of operators in the sense of Kato (see [16], chapter VII.2) with compact
resolvents Ve € C. Hence, o (H,) = {A(€)}:1 =0, 1,....In particular,

(i) the eigenvalues X;(¢) are locally holomorphic functions of € with at most algebraic
singularities;
(ii) the eigenvalues A;(¢) are stable, namely given any eigenvalue A(€g) of H, there is exactly
one eigenvalue A(€) of H, such that lim._,¢, A(€) = A(€p);
(iii) the Rayleigh—Schrodinger perturbation expansion for the eigenprojections and the
eigenvalues near any eigenvalue A; of Hy has convergence radius §;/| H;|| where §; is
half the isolation distance of A;.

Remark that since §; > §, VI, all the series will be convergent for all € € Q,,; Q2,, :={e € C:
le| < rg < r}, where r := §/||H;| is a uniform lower bound for all convergence radii.

Assume now without loss of generality, to simplify the notation, || H; || = 1. By hypothesis
|A; — A1) = 28 > OVI € N. First remark that if € € R, |€| < ry and A(¢€) is an eigenvalue of
H, then |[Im A(¢)| < 8,i.e.,0(H)NCs =@,Cs :={z € C||Imz| > §}. Setindeed

Ro(z) == [Hy — 217", z ¢ o(Hyp).
Then Vz € C such that [Imz| > § we have
le] l€]
ist{z, 0 (H)] ~ [mz]|’

leHiRo@) | < lel - [ - [ Ro(2)] < (2.21)

Hence, the resolvent
Re(z) :=[He — 2] = Ro(@)[1 + € H Ro(2)]™"

exists and is bounded if [Imz| > & because (2.21) entails the uniform norm convergence of
the Neumann expansion for the resolvent:

IRl = I[He — 217"l = [[Ro(2) Y _[—€H Ro(2)1"|
k=0

< IR IS M1 Ro @ < —)

= Imz| — €
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Now VI € N let Q;(8) denote the open square of side 2§ centred at A;. Since |A; — Aj41] = 26,
it follows as in (2.21) that R.(z) exists and is bounded for z € 9 Q,(5), the boundary of Q,(9).
We can, therefore, according to the standard procedure (see e.g., [16], chapter II1.2) define the
strong Riemann integrals

1
Pi(e) = — R.(2)dz, [=1,2,....
271 Jy0,0)

As is well known, P is the spectral projection onto the part of o (H,) inside Q;. Since H, is a
holomorphic family in €, by well-known results (see, e.g., [16], theorem VIIL.2.1), the same is
true for P;(¢) for all [ € N. In particular, this entails the continuity of P;(¢) for |€| < ry. Now
P;(0) is a one dimensional: hence the same is true for P;(€). As a consequence, there is one
and only one point of o (H,) inside any Q;. Now o (H,) is discrete, and thus any such point
is an eigenvalue; moreover, any such point is real for € real because o (H,) is symmetric with
respect to the real axis. Finally, we note thatif z € R, z ¢ Ufiﬂ)\l — &8, A; + 48[ the Neumann
series (2.21) is convergent and the resolvent R, (z) is continuous. This concludes the proof of
theorem 1.2. (|
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